In this paper, we introduce the logic of a control action S4F and the logic of a continuous control action S4C on the state space of a dynamical system. The state space here is represented by a topological space (X; T ) and the control action by a function f from X to X . We present an intended topological semantics and a Kripke semantics, give both a Hilbert-style and Gentzen-style axiomatization for S4F and S4C, prove completeness with respect to both semantics as well as a cut-elimination for the corresponding sequent calculi and show the logics to be decidable.
Introduction
Let L 2 be the propositional modal language generated from a countable set PV of propositional variables, the propositional constant ? (falsum), the propositional connective ! (implication), and the modal operator 2. Let L 2a be the propositional language extending L 2 which includes, in addition, a new modal operator a].
Let S4 denote the subset of L 2a consisting of all formulas derivable from a standard axiomatization of classical propositional logic together with the axiom schemes: 2(' ! ) ! (2' ! 2 ), 2' ! ' and 2' ! 22', using the inference rules of modus ponens (MP) and 2-necessitation.
We develop a bimodal extension of S4, which we call S4F, in the language L 2a with the single new modal operator a]. In the intended topological semantics for this new logic, the S4 modality 2 is interpreted in the standard way as the topological interior operator, and a] is interpreted as the inverse image f ?1 ( ) for a xed total function f : X ! X on the state space X, equipped with a topology T . For each propositional formula ' of L 2a , k'k is a subset of X, and k a]'k is the set of points x 2 X such that after applying the function f : X ! X interpreting a, we have f(x) 2 k'k. So When the function f is continuous with respect to the topology T , k a]'k is an open set (closed set) whenever k'k is open (closed), and f is continuous exactly when the formula a]2' ! 2 a]' is satis ed (evalutes as the whole space X) for each ' 2 L 2a .
In application to continuous dynamics in hybrid control systems, we think of the symbol \a" as denoting a \control action", typically a vector eld applied for a xed duration, so that the function f interpreting a is a section of a ow on the state space (manifold).
In dynamic or program logics (see, for eg. Ha84] can be read as: \whenever , then action a always makes it the case that '" or more succinctly, \action a always takes states to ' states". Such a formula is true (evaluates as the whole space) in a topological model T = (X; T ; f; ) exactly when, for all x 2 X:
x 2 k k implies f(x) 2 k'k where is a valuation of atomic propositions as subsets of X. More In this paper, we concentrate on the (classical) logic of a single control action. We present a topological semantics and a Kripke semantics, give both a Hilbert-style axiomatization and a Gentzen sequent calculus for the logic S4F, prove completeness with respect to both semantics as well as a semantic proof of cut-elimination for the sequent calculus and show the logic to be decidable.
Syntax and Topological Semantics
De nition 2.1 Let L 2a be the propositional language generated from a countable set AP of atomic propositions, the propositional constant ? (falsum), the propositional connective ! (implication), and the modal operators 2 and a].
De nition 2.2 A topological structure for the propositional language L 2a is a triple T = (X; T ; f) where X 6 = ; is the state space; T P(X) is a topology on X (i.e. ;; X 2 T , and T is closed under arbitrary unions and nite intersections); and f : X ! X is a total function.
Note that at this stage, f is not assumed to be anything other than total; in particular, it is not assumed to be continuous w.r.t. T .
De nition 2.3 A valuation for a topological structure T = (X; T ; f) is any map : AP ! P(X) assigning a subset (p) X to each p 2 AP. Each such valuation uniquely extends to a valuation map k k : L 2a ! P(X), satisfying the following clauses:
where int T is the interior operator determined by the topology T , i.e. for all A X, int T (A) = S fU 2 T j U Ag and f ?1 is the inverse-image operator determined by the total function f:
De nition 2.4 A topological model for L 2a is a pair (T; ), where T = (X; T ; f) is a topological structure for L 2a and : AP ! P(X) is a valuation for T.
' is topologically valid i T j = ' for every topological structure T = (X; T ; f) for L 2a .
The topological semantics for the de ned constants, connectives and modal operators are as one would expect. Observe that for any topological structure T = (X; T ; f) and valuation for T,
The proposed reading of formulas of the form:
as \action a always takes states to ' states" is based on the fact that in any topological model (T; ), (T; ) j = ! a]' i forallx 2 X; ifx 2 k k thenf(x) 2 k'k : We MT44] , the S4 axioms are true in every topological space (X; T ) and hence true in every topological structure T = (X; T ; f), and the inference rules are truth-preserving (i.e. if the hypotheses evaluate as the whole space X, then so does the conclusion).
The 
Sequent Calculus
We give a Gentzen-style sequent calculus for the logic S4F. In the following, ' and are arbitrary formulas of the language L 2a and ? and (with or without subscripts) are (possibly empty) multisets of formulas of L 2a (i.e. nite "sets" in which repetitions are allowed, so we can ignore the Exchange rules required in Gentzen systems that treat sequences of formulas rather than multisets). The join or union of two multisets ? and is written ?; , and either ?; ' or '; ? denote the multiset resulting from the join of ? and the multiset whose sole member is '. A sequent is an expression of the form ? ) ; the multiset ? on the left is called the antecedent, and the multiset on the right is called the succedent. 
Axiom a]:, the direction:
We conclude this section with some rules admissible in the cut-free sequent calculus S4F G ?, which are used in the proof of completeness in Section 6. Proposition 4.3 Let ? and be multisets of formulas of L 2a , let '; be formulas of L 2a , and let k 2 N. The following rules are admissible in the cut-free sequent calculus S4F G ?.
Proof. An argument is a pretty standard one for cut-free derivations. A straightforward strategy in each case should be to rst apply the appropriate connective/modality rule, (!)), ()!) and (2 )), respectively, then deal with the a] k pre x. We leave this to a reader as a routine exercise. If either of these tests are satis ed, put a check mark \X" next to the current node then backtrack up the tree to the rst ancestor of the current node that is a branching node and has a child node without a check mark, then select the check-less (always the right) child as the new current node. If all children of all branching ancestors of the current node are checked, then the tree T(? 0 ) 0 ) can be easily transformed into a cut-free proof in S4F ? G of ? 0 ) 0 (using only (Axiom), (? )), the admissible rules ( a] k !)), () Proof. Let ' be any formula of L 2a , let be any valuation for T, and let A = k'k X. The preceding proposition gives us an alternative, equivalent version of the continuity axiom, namely:
It is also readily established that over the Hilbert system S4F H , the schemes Cont and Cont are provably equivalent. The Cont scheme will be appealed to in devising a sequent calculus rule capturing continuity. P(X) ! P(X) is a (topological) homomorphism of the topological Boolean algebra B T (X) = (P(X); ; \; ?; X; ;; int T ) into itself ( RS63], III,x3).
In this study, our chief interest is in continuity. Next, we characterize the Kripke models which satisfy the continuity axiom. 
